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Rigid Body:

Arigid body is defined as a system of mass points subjected to the holonomic constraints (constraint relations
are or can be made independent of velocities) that the distance between all pairs of pints remain constant
through the motion, i.e. a rigid body means a rigid assembly of particles with fixed inter-particle distances.

By a rigid body we mean a rigid assembly of particles, with fixed inter-particle distances. Thus we always
neglected the deformations that occur in actual bodies. In order to discuss the mechanics of a rigid body, we
must have means of describing its position and orientation. A rigid body with N particles can almost have
3N degree of freedom, three for each constituent particle but because of the large number of constraints, the
number of degrees of freedom or independent co-ordinates required to describe its motion will be much less
than 3N

Number of Necessary independent coordinates for rigid body:

A rigid body with N particles can at most have 3N degrees of freedom, but these are greatly reduced by the
constraints, which can be expressed as equations of the form

1)

T = Cij
where 7;; is the distance between the i and j™ particles and the c's are constants.
The actual number of degrees of freedom cannot be obtained simply by
subtracting the number of constraint equations from 3N, for there are %N(N -1
possible equations of the form of Eq. (1), which is far greater than 3N for large N.

Therefore, [reduced number of degrees of freedom] = [Number of degrees of
freedom of a rigid body almost have] — [Number of constraint equation]

=3N—%N(N—1) )

In truth, the Egs. (1) are not all independent. To fix a point in the rigid body, itis ~ Fig-1: The location of a point
not necessary to .specify its distances to all other points in the body; we need only ~ in arigid body by its d'S_ta”CGS
state the distances to any three other non-collinear points (Fig.1). from three reference points.

Thus, once the positions of three of the particles of the rigid body are determined, the constraints fix the
positions of all remaining particles. The number of degrees of freedom therefore cannot be more than nine.

But the three reference points are themselves not independent: there are in fact three equations of rigid
constraint imposed on them.

T2 = C12 T23 = C23 T3 = (13

that reduce the number of degrees of freedom to six. That only six coordinates are needed can also be
seen from the following considerations.
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Direction Cosines: The direction cosines (or directional cosines) of a
vector are the cosines of the angles between the vector and the three coordinate
axes. Equivalently, they are the contributions of each component of the basis to
a unit vector in that direction. Direction cosines are an analogous extension of
the usual notion of slope to higher dimensions.

More generally, direction cosine refers to the cosine of the angle between any
two vectors. They are useful for forming direction cosine matrices that express

one set of orthonormal basis vectors in terms of another set, or for expressing a
known vector in a different basis.

If v is a Euclidean vector in three-dimensional Euclidean space

V =1vg€; +vuyey +Uz€;

where ey, ey, e; are the standard basis in Cartesian notation, then the direction cosines are

v-e, Uy
o = cosa = =
VI for+ o 402
v-e v
B =cosb= Y = s
vl N VAR T
Ve, U,
¥ =cosc= =

I ﬁ/vi +v§, + v2

It follows that by squaring each equation and adding the results
cos’a+cos’btcosle=a’ + 80 +47 =1

Here a, ff and y are the direction cosines and the Cartesian coordinates of the unit vector v/|v|, and a, b and ¢
are the direction angles of the vector v.

Prove that for any vector A

a) A= (A1)i+ ANj+ ARk

b) A = A(cosa i+ cosB j + cosy k) Z
Let a vector A, which can be expressed as,
A=A=A1+A4) + Ask k
We know,
A.l = |A||l|cosa = Acosa = A, yBa :
A.j = |A||jlcosp = Acosp = A, { g
Ak = |A||I€|cosy=Acosy=A3 X
3
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Putting the values of components of vector A we get,
A= (A1 +@ADj+ ARk
And
A = Acosa i+ Acosp j+ Acosy k

= A(cosa i+ cosp j + cosy k)

Orthogonality Condition for Linear Transformation Matrix:

Let a;, B;,y; be the direction cosines and i, j, k and i', j', k' be the unit vectors along the axes x y z fixed in
space and x' y' z' axes fixed in the body. Then the position vector in these frames

7 =xi+yj+zk

. Z'\ Z
r=xT+y7 +2k'
as the vector must be same in both frames. ik
Now we know, 4 = |A|(cosa i + cosB ] + cosy k) = |A|(ayi + azf + ask)
Similarly we can write 7' Y’
i = |1 (aul + agf + ask) i 7 Y
= ayi + ayf + azk i
- X
J'= Bl + Bof + B3k )'é
k' =yil+v.f +vsk
Now,
x' =71
= (Xt +yj +2k").T
= (xi+ yj + zk).7
=x(1) +y(G.0) + z(k.T)
>x' = x+ay+azz
Similarly, (1)

y' = pix + oy + Pz
Z =y1x + vy + 3z

These equations are called transformation equation from space coordinate to body coordinate.
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Reverse transformation equations are,

x=a,x + By + 7.7

! ! ! 2
Yy =ax + By + Bz @)
z=a3x" + B3y +vy37'

From egn. 1 we get
x' a az az|x
[y'] = [ﬁ1 B2 B3 [3’] (3)
z' Yi Y2 V3l
Similarly from egn. 2
x a Br ri[x (@)
[y =laz B2 Vv2f|Y
z az Pz y3llZ
X ay P ri][% Q2 az|[X
[Y] = [0(2 B2 Vz] [ﬂl B2 B3 [}’]
z az Bz y3llva Y2 v3llY
X X
iRl
z
As I = AA™1 for orthogonal property.
ay P vi][%1 %2 QA3
[0‘2 B2 V2 [31 B2 Ba|=1
as ,83 Y3 Yi Y2 V3

ar1a; + BBz + 1172 a® + [322 +72° azas + Bof3 +va¥3| =
a3 + 1Bz +v1vs aiaz+ 1Bz +v1v3 as? + B3’ +v3?

0 1 0

a;® + [312 +71° a1a; + B2 +vive aias+ B3+ v1vys [1 0 0]
0 0 1

So,
a2+ Bt =t B vt =t + Byt =1
a1 + P12 +v1va = araz + B1fz +v1vs = apas + Bz +v2y3 =0
We can write in general, as
a1, + B1Bm +Vi¥Ym =0; forl+m
=1; forl=m

= 6;n (Kronecker Delta)

Now, let us change the rotation and denote all coordinates by X, then we get,
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! !
x —x;
Yy —x;
! I
Z' — x3

Equation 1 and 2 constitute a group of transformation equation from a set of coordinates x’, y’, z’ to a new
set of coordinates x1°, x2°, x3’. In particular case, they form an example of a linear or vector transformation

equation of the given form

X1 = Qq1X1 + A12X2 + A13X3
(%)

A
Xy = Ap1X1 T Ap2Xp + Az3X3

X3 = a31X1 + a3Xy + Az3X3

Where a4, a1, a3 ..... are any set of constants.

The equation (5) can be written as

Again we can write,

We can write

From eqgn 6 and 7 we get,

— \'3
Where 5]]( = Zi=1 Qaij Ay

3
' 6
X; = Zaijxj ( )

()

= Z (i) ®)

Ok =1; fori=j and S =0; fori#+j
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This is the required condition for orthogonality for the linear transformation.

Euler's Angles:

The Euler angles are three angles introduced by Leonhard Euler to describe the orientation of a
rigid body with respect to a fixed coordinate system. They can also represent the orientation of a
mobile frame of reference in physics or the orientation of a general basis in 3-dimensional linear
algebra.

Euler angles can be defined by elemental geometry or by composition of rotations. The geometrical
definition demonstrates that three composed elemental rotations (rotations about the axes of a
coordinate system) are always sufficient to reach any target frame.

The three elemental rotations may be extrinsic (rotations about the axes xyz of the original
coordinate system, which is assumed to remain motionless), or intrinsic (rotations about the axes
of the rotating coordinate system XYZ, solidary with the moving body, which changes its orientation
after each elemental rotation). Euler angles are typically denoted as «, 3, y, or ¢, 0, v.

Without considering the possibility of using two different conventions for the definition of the
rotation axes (intrinsic or extrinsic), there exist twelve possible sequences of rotation axes, divided
in two groups:

o Proper Euler angles (z-X-z, X-y-X, Y-z-Y, Z-Y-2, X-Z-X, Y-X-Y)
e Tait-Bryan angles (X-y-z, y-z-X, z-X-Y, X-Z-Y, Z-y-X, Y-X-2).

Tait—Bryan angles are also called Cardan angles; nautical angles; heading, elevation, and bank;

or yaw, pitch, and roll. Sometimes, both kinds of sequences are called "Euler angles”. In that case,
the sequences of the first group are called proper or classic Euler angles.
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Euler's Angles:

Let us proceed to find three independent parameters which would completely specify the orientation of a
rigid body - the so called Euler's angles.

Let X, y, z be the orthogonal space set of axes with i, j and k as unit vectors along these axes. Also X', y', Z'
be the orthogonal body set of axes with i*, j* and Kk’ unit vectors along these axes.

In order to account for the rotatory motion, we shall carry out the transformation from space set of axes to
body set of axes. The transformation is worked out through three successive rotations performed in a certain
specific order. That is, we rotate space set of axes X, y, z so as to coincide with body set of axes x', y', Z',
through three successive rotatory operations that are worked out one after another in a specific sequence.

Fig. 1

First Rotation: First of all the space set of axes is rotated about the space z-axis so that the y-z plane takes
new position yi-z1. This new plane contains the body Z-axis. The rotation angle is ¢. The new axes are x;
and y; with unit vectors i, and j; as shown in fig. 2. The transformation to this new set of axes x4, y; z;from

X, Y, axes can be represented by the equations; zZ=12z
i; =icosg +jsing k=k,
j1 = —ising + jcosp
i y
ky =k Jy '
¢ y
Or, ® J
i cosp sing O0][i l i
Ji|=|-sing cosp O||j !
k1 0 0 11 Lk X X1
Fig.2
the matrix of transformation is
cosp sing O
D =|—sing cose 0]
0 0 1

Second Rotation: Second rotation is performed about new x; axis so that z; axis coincides with body z'
axis. This also brings the plane x2-y2 in the plane The axes x, and y, obtained after rotation about x1 through
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an angle @ still do not coincide with body x' and y' axes. The rotation angles is 8. The new axes y. and z,
with unit vectors j, and k. are shown in fig. 3.

The transformation to this new set of axes x,,y, z, from x;,y; z; set
of axes can represented by the equations

i, =1
2 1 v,
Jjo = j1 cosO + k4 sinf
V1
k, = —j, sinf + k4 cosf
y
so that the matrix of transformation will be
i
1 0 0 o
C=|0 cosf sinf L=
0 sinf cos6 x X, =Xy
Fig.3

As told earlier this transformation brings x2y. plane into the plane x'y' of the body set of axes.

Third Rotation: Third rotation is performed about z; axis i.e., about z' axis so that the new axis xs coincides
with body X' axis and the axis ys coincides with y' axis. This completes the transformation from space set of
axes to body set of axes. The angle is ¥. The new axes are y;(= y") and x3(= x") as shown in fig. 4.
Therefore is=1', j3=j" and ks= K.

The transformation to this new set of axes x3,y3 zz which
coincides with body set of axes x' y' z' can be represented by
the equations:

i' =1, cosy +j, sin

=/

Jj' = —i, siny + j, cosy
k, - k2
So that the transformation matrix is

cosy siny O
B =|-siny cosyp 0]

0 0 1

Therefore, we have arrived at the body set of axes after three successive and sequential rotation of space set
of axes. The complete matrix of transformation A will be

=/

i i3 i i1 i
J'| = [js =B|j2|=BC [h = BCD|j
k' k3 k; kq k
Let, A= BCD
9
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so that

x' X

z' Z
or the inverse transformation from body set of axes to space of axes will be given by

v

Thus the matrix of transformation A furnishing x' y' z'-axes from the space set of axes xyz directly is the
product of matrices taken in the indicated order of rotations, viz. (¢, 8,y) or ABC :

xl

!
y
ZI

A=BCD
cosy siny 0111 0 0 cosp sing 0
A=|-siny cosy O] [0 cos6 sin@] —sing cosp O
0 0 1110 sin@ cos@ 0 0 1

Properties of orthogonal transformation matrix

1) The value of determinant of the orthogonal matrix is invariant under similarity transformation

In linear algebra, two n-by-n matrices A and B are called similar if there exists an invertible n-by-
n matrix P such that

B =P 1AP

Let A is an operator acting upon a vector F to produce a new vector G.
G = AF

If the coordinate system is transformed by a matrix B, the components of the vector G in the new system
will be given by

BG = BAF
BG = BAB™1BF (1)

Equation 1 can be interpreted as the operator BAB~* acting upon the vector F in the new coordinate system
and produces a vector G in the new coordinate system. We may consider BAB™* to be the form taken by the
operator A when transformed to a new set of axis and given by

A' = BAB™? (2)

Any transformation of a matrix of the form of equation (2) is known as similarity transformation.

10
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We can write from egn 2
A'B =BAB™'B
A'B = BA
This can be expressed in determinant form as
|A"[|B| = |BI|Al
Since the determinant of B is a number and not zero, so we divide above eqn. by |B| and get,
|A"] = |A]

So, the value of the determinant of an orthogonal matrix is invariant under similarity transformation.

2) Determinant of an orthogonal matrix is |A| = +1

As we know, the definition of matrix multiplication is identical with the multiplication of determinant, we
can write

|AB| = |A|.|B|
Since the orthogonal condition of matrix is 4A = I, we can write in determinant form
|A]1A] =1
We know that, the value of determinant is unaffected in interchanging any rows and column, we get,
A" = 1412 =1
|A] = 14] = +1

Which shows that the determinant of an orthogonal matrix can be +1 or -1.

3) The orthogonality condition for the transformation matrix is

e

aij Ak = Gji
i=1

[Proved in previous]

Rate of Change of a VVector

Let us consider a reference frame xyz fixed in space and another reference frame x’y’z’ fixed in body. At
time t=0, their origin and base vectors are coincides. Let us now consider a point (x,y,z) in space, set of axes

are describes by the position vector ( therefore the motion of P is described by O = Q(¢).

At time t=0 we have,

11
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Q=xi+yj+zk [in space set]

Q=x1+yj +2k' [in space set]

Since x’y’z’ axes rotates, the unit vectors ', j', k'’ changes with respect to time, while the unit vectors i, 7, k

remains constant. Since the point p moves, the velocity of p is different in the two system of axes for reason

of their relative motion.

P(x,y.2)

v

—~>
>

X
Fig. 1 Fig.2
When a vector rotates then from fig.2 we can write,
dA = NdBAsing
=doh x A
Let us divide above eqn. by dt to find the rate of change of vector A is
dA do
I = It X A
dd .
P =wXA
Where @ is the angular velocity of the motion.
For unit vectors, we can write,
i _ -~ d4f _ ~ dk _ -
Ezwxﬂ, Ezwxf, E=ka’
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Therefore, the rate of change of vector Q, when a body set of axes is rotating with angular velocity @ with

respect to space set of axes is
[“l d 11 rar | ’Al’
dt dt ( Ty )

o 1Al AN AN Idi, ! j, Idié,
=xT+yj+z'k +xa+ya+zﬁ
=3V 4+ + 2k + X (@ x0)+y' (@ %)) +2'(@ x k)
=XV +yJ + 2k + (T +yT +2K)

=XV +yJ+ 2k +@x (T +y] +2k)

_ <d§> N
dt body

(dﬁ’) _ <d§> N
dt space dt body

Coriolis Force and Its Effect:

2l

X

el

2l

X

gl

The Coriolis force is an inertial or fictitious force that acts on objects that are in motion within a frame of
reference that rotates with respect to an inertial frame. In a reference frame with clockwise rotation, the force
acts to the left of the motion of the object. In one with anticlockwise (or counterclockwise) rotation, the force
acts to the right. Deflection of an object due to the Coriolis force is called the Coriolis effect.

The Coriolis Effect says that, when an observer
is in rotating frame—whether it's on a
playground toy or your home planet—objects
moving in straight lines will appear to curve.
This bizarre phenomenon affects many things,
from the paths of missiles to the formation of
hurricanes.

Stationary frame Rotating frame

You may have heard that the Coriolis Effect
makes water in the bathtub spiral down the drain
in a certain way, or that it determines the way
that a toilet flushes. That’s actually wrong.

Although, as you may have noticed while tracking a hurricane on the news, storms in the Northern
Hemisphere spin counterclockwise, while those in the Southern Hemisphere spin clockwise. Why do storms
spin in different directions depending on their location? And why do they spin in the first place? The answer
is the Coriolis Effect.

So, for an observer in a rotating frame the Coriolis effect seems to exert a very real force on objects. But
there is no force. What the observer observes is just the result of his perspective.

13
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When a body set of axes is rotating with constant angular velocity « with respect to the space set of axes
then the rate of change of vector T is given by

dy dr
il [ — - 1
<dt> <dt> toxr @
S T

The operator equation will be

d d B 2)
(a)s - (a)r e
Equation 1 can be written as
Vo=V, + @ xT ©)

Where VS and V} are the velocities of the particle relative to space and rotating system of axes of axes
respectively.

Now, equation (2) can be used to obtain the time rate of change of (V) as

space
dv dV, .
<dt> _<dt> XV

S r

35:1(Vr+6><?) +@x (V, + @& xT)
dt r

L {dV, da\ . _ (d®\ _ - . .
ag = +| = ><r+a)><E +wXV,+wX(wXT)
T T T

dt dt
B =@ +0+dx (V) +@xV, +@x (@ xD)
ds =3, +0+2(BxV,)+ & x (@ x7)
Multiplying both sides of equation 4 by the mass of the particle, m, we get,
ma, = ma, + 2m(@ x V,.) + ma@ x (@ x ¥)

ﬁ =ﬁeff+2m(5xvr)+m5>< (GXF)

Forp = F —2m(@ x V,) — m@ x (& x )
The second term is the so-called Coriolis force and the last term is the (generalized) “centrifugal force”. The
latter leads to a radially outward pointing force (counteracting gravity) plus a force towards the equatorial
plane for any position at higher (positive or negative) latitudes. Of course, at the poles these two forces
cancel which is not surprising, as the rotation does not actually contribute to any motion there. The Coriolis
force gives a push “sideways” to an object moving in any direction other than Earth’s axis. In particular, an
object moving on Earth’s surface at any point other than the Equator will have a component of its velocity
perpendicular to « and thus be pushed West if it moves North on the Northern Hemisphere, South if it moves
West etc. This means that missiles will be missing the mark they are aimed at, and a stream of fluid (air,

14
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ocean water, etc.) will be bend into a circular pattern (counterclockwise in the Northern Hemisphere,
clockwise in the southern one). Hence the regular patterns of hurricanes, ocean currents etc.

Euler’s Equation of Motion of a Rigid Body:

Let us consider a rigid body rotating about a certain axes except three space axes and whose axes are chosen
as principal axes having direction of the unit vectors é,, €,, and é; respectively. Then the angular momentum
becomes

(_i = 11(4)151 + 12(1)2 é)z + 13(4)3 é)3 (1)
The angular velocity becomes
8:w161+w2é)2+w3é)3

If ‘s’ and b refer to the space (fixed) and body (moving) axes respectively then we have (2)

da\  (dq I
dt )] — \dt @
S b

= a(llwlé)l + 12(1)2 52 + 13(1)3 53) + (wlé)l + Wy é)z + w3 53) X (Ilwlél + 12(1)2 52 + 130)3 53)

= Ild)lél + Izd)z 52 + I3d)3 é)3 + wq (O] w3

- - -
€1 €z €3 ‘
Lw, Lw, Lw;

= L0181 + Lw, é; + 303 €3 + € (3030, — Lwaw3) + €, (w3liw, — Zwzw,) + é3(wiw, — [w wy)
= & {01 + ww3(I3 — [)} + E{l, 07 + wiws(I; — [3)} + €3{l303 + W W, (I — 1)} ©)

As we know the rate of change of angular momentum is torque then we can write,
x_ da
-~ \dt
N

K = Alé)l + Azéz + A3é)3

Where we can express the external torque A by

Where A4, A,, Az are the component of external torque along principal axes.
We can write equation 3 as
A€y + D38, + A3é3 = é1{l w1 + wyw3 (I3 — L)} + E{la, + wiws (I — I3)} + é3{ls03 + wiw, (I — 1)}
Equating the coefficients we can write
A = Loy + wyws(lz — 1)
Ay = Lo, + wiws(l; — 13) 4)
Az = oz + wiwy(I; — 1)

These are the Euler’s equations of motion in component form.

15
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Angular momentum, moment of inertia and angular velocity of rigid body:

Let us consider a fixed xyz coordinate system having origin O. If we consider a

particle p moving with angular velocity w and having angular momentum Q with z
fixed origin O, we can express the position vector, angular velocity and angular
momentum of this particle as

k
> A N F p
r=xi+yj+zk
. ) . ~ y
W = Wyl + wyf + wk i J
Q=00+ Q)0+ Q,1
X
respectively. Fig.1
Then the angular momentum is given by
N
ﬁ = Z Fi X _)l
i=1
N N
Q= Zml(ﬁ X V;) = Zml(rl X WX 1)
=1 i=1
From the property of vector algebra we can write,
N N
G- z My X B XT) = z my(@rE — (Fu®F)
i=1 i=1
In component form we can write,
N
Qi+ Q)01+ Q0 = Z m; ((wxi + wyj + a)zlz)(xiz + 2+ z;%) — (wxxi + wyy; + wzzi)(xii +yi] + Zﬂ%))
i=1

N

= Z m; (wxxizi + 0,y + 0z + wyxPf + Wyt + wyzi% + wx Pk + wyi Pk 4+ wyzitk
i=1

— (wgx®t + wexiyif + w,x;zik + wyyixit + wyy;*f + a)yyizl-lz + wyzix;il + w,z;yf + a)ZZiZI?))

[a)xzm (YL +z; ) wyzml%xl wzzm lel]l
N
wxz miXx;yi + wyz m; (xl i z m;ziyi|l

i=1

W
Z ‘le wyzmlylzl-l_wzzml(‘xl +yl

_|_
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= [a)xlxx + wylyy + a)ZIXZ]i + [a)xlyx + wylyy, + a)zlyz]j + [a)xlzx + wylyy, + cuZIZZ]IAc
Equating the coefficients of unit vectors we get
Q, = wyl,, + a)ylxy + wyl,,
Oy = wylyy + wylyy, + w,ly,
Oy = Wylyy + Wylyy + w515,

Where

2

N N
Lix = Zmi(}’iz +2;%) Lyy=) m (xiz tzi ) lez = Z mi(’ + ¥
— i=1

N
i=1

N

Ley = _zmiYixi = lyy
i=1
N

Iy, = —Zmi}’izi = Iy
i=1

N
Iy = —Z MiX;Z; = Iy,
=1

The quantities I, I,, I,, are the moment of inertia found from perpendicular axis theorem and I, 1,5,

1, are the product of moment of inertia about x,y,z axes respectively. Above equation can be written in the
matrix form as

-Qx Ixx Ixy Ixz Wy
Ol =L Ly I, [wy]
-Q'z sz Izy Izz Wz

Centroidal axis is any line that will pass through the centroid of the cross section. There may be infinite number of
lines passing through the point of center of gravity. Therefore, a cross section has an infinite number of centroidal
axes. Two axes out of these infinite directions are important which are termed as principal axis. They are 1) major
principal axis and 2) minor principal axis.

Major Principal Axis:
It is a centroidal axis about which the moment of inertia is the largest compared with the values among the other
axes. The strongest axis of any cross section is called major principal axis.
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Minor Principal Axis:

It is a centroidal axis about which the moment of inertia is the smallest compared with the values among the other
axes. The minor principal axis is also called weakest axis. The failure due to bending starts and prolongs from
weakest axis of any cross section.

The neutral axis is an axis at which the strain is zero under the application of bending forces on a bending element.
If the stresses are within the yield limit and linear in nature, neutral axis will coincide with the axis of centroid.

Force free motion of a rigid body:

The first point that we can make is that, provided that no external torques act on the body, its angular
momentum L is constant in magnitude and direction. A second point is that, provided the body is rigid and
has no internal degrees of freedom, the rotational kinetic energy T is constant.

Let us consider a rigid body which is symmetric about an axis has one point fixed on it. Assuming that there
is no forces acting than reaction force at the fixed point. Now Euler’s equation of motion for the force free
motion becomes,

Ild)l + 0)20)3(13 - 12) =0
Iz(l:)z + (1)1(1)3(11 - 13) = 0
I3d)3 + 0)10)2(12 - 11) =0

Let the axes of symmetry coincide with one of the principle axes, say one having direction é;. Then I; = I,
so that Euler’s equation of motion becomes.

Lw; + wyws(I3 — 1) =0 1)
Ly + wiws(l; —13) =0 )
13(1')3 = 0
3)
From egn. 3 we get,
f I3d)3 dt == 0

w3 = constant = A

Now, dividing egn. 1 and 2 by I; = I, we get

I;—1
(l:)1+(l)2(l)3(31 2>= (4)
1

I, —1
0:)2+0)1(l)3<112 3) = (5)

Substituting the value of w; = A, above two equations becomes

I—1
a')1+w2A<3I 2)=0 (6)
1
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L -1
a')2+a)1A(112 3):0 @)

Differentiating eqn. 7 with respect to time we get

I —1
(I)2+a')1A(112 3):0

Putting the value of w, from eqgn. 6,

I —1 I3—1
d)z—A(l 3)w2A(3 2):0

I, I
I — I3)\?
(I)Z_Cl)zAZ(ll 3) =0
2
2 2 L-I3
Wy + wyk =0 Where k =-A (1_)
2

Solution of this equation is
w, = Bcoskt + Csinkt
When t=0, there is no component of angular velocity so w, = 0 and then we get B=0, so
w, = Csinkt
w, = Ckcoskt
Then from eqgn. 7 we get
Ckcoskt —w;k=0
wq = Ccoskt
Then the angular velocity becomes
w = Ccoskté; + Csinkt é, +Aé;
Magnitude of this angular velocity is
w? = C?cos? kt + C?sin? kt + A?
=T+ A2

Which is constant and can be the angular frequency of earth.

Again the precessional frequency of the rigid body about z-axis is f = %

f=4 (@) _ 4 (@)
2xl, 2l
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Equation of motion of a spinning top

c
zZ . ¥
a (.3 = nutation
Q at = precession
¥ = spin
B
é ]
"
A
Fig.2 X

Fig. 1

Let XYZ represents the fixed set of axes having origin O. Let X’ Y’Z’ represents the principal axis of the top
having the same origin. If we choose the rotation of the XY plane, the OZ, OZ’ and OY’ are coplanar. The
X’ axis lie in the X’Y” plane. We take the body z’-axis is the symmetry axis so I; = I,.

Let the line ON makes an angle 1 with the X’ axis, which is assumed to be attached with the top. The angular
velocity corresponding to the rotation of the X’Y’Z’ axes with respect to the XYZ axis is

8 = (1)161 + (O] é)z + 0)3 53 (1)

Since the top is spinning about the Z’ axis, in order to obtain angular momentum, we must use the fact that
in addition to the component w5 due to the rotation of the X’Y’Z’ axes we must also have the component

§ = 0)3 53 = "’bé)3
ﬁ = 110)151 + 120)2 é)z + 13(0)3 + S) 53 (2)

If ‘s’ and b refer to the space (fixed) and body (moving) axes respectively then we have
dQ dQ ﬁ
—) =(=] +@dxa (3)
dt ) at ),

d - - - - - - - - -
= E{Ilwlel + Lw, e, + I3(ws +5) €3} + (w181 + wy €, + w3 €3) X (lyw €1 + Lw, e; + I3(ws + 5) €3)

é)l é)Z é)3
= Ild)lél + 12(1:)2 52 + Ig(d):; + .5") é)3 + (l)l (1)2 (l)3
Lo, Lw; I3(ws+s)

= Lw18; + Lw, é; + I3 (w3 + 5) €3 + & {wyl3(w3 + 5) — Lwyws} + Ex{wsliwy — I3 (w3 + S)w,} + €3(wiLw,
— L wwy)
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= e {lhw; + wyw3(I3 — L) + wyl35} + €,{lLw; + wyw3(I; — I3) — [z3wys} + E3{l3(w3 + $) + wyw, (I — 1)}

Now the total torque about O is

A =—(18) x (mgl?)

= —mgl(é; x k)

= —mgl[é; x {(k.&,)é, + (k.&,)é, + (k.&;)é5}]
= —mgl[é; X {0 + cos(90 — 0) &, + cos b é;}]

= —mgl[e; X {sin O €, + cos b &;}]

= —mglsin 0 [é; X &,]

= —mglsin 0 [—é;] = mglsin6 &,
As we know the torque A= (%) then from eqn. 4 we get,
N

mglsing é; = e, {l;0; + wyws(5 —I) + w,I3s} +
Ex {0, + wiwz(I; — I3) — zws} +
és{ls(wz +$) + wywy(I; — 1)}

Equating the coefficients of unit vectors we get,

110:)1"‘(4)2(1)3(13_12)"‘0)2135 :mgl Sin9 B

Lw, + wyws(ly —13) —Izws =0 L

Ig(d)3 + S) + (1)1(1)2(12 - Il) = 0

For symmetry consideration let us put I, = I; in above equation,

Liw; + wyws(I3 — I;) + wylzs = mglsing —
Lo, + wyws(ly —I3) —zws =0 -

Above equations are known as the equation of motion of a spinning top.

(4)

€
l
J
N
Fig.3
)
(6)

In order to express these equations in terms of the Euler’s angle we have to express wq, w,, and w3 interms

of Euler’s angle.

Now let us express the components of @ in terms of Euler’s angles
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-

k =sin@siny &, + cosysinfé, + cosh é;

1, =cosy e, —sinyé,

13

-

3= €3
Then we can write
@ = wy(sinfsiny € + cosypsind é, +cosh &) + wy(cosy € —sinyY ;) + wyés
= ¢(sin@siny &, + cosyPsinf é, + cos B &) + O(cosP &, —siny &,) + Pé;
= (¢sinfsiny + O cosy )é; + (@ cosPsinf — Osiny)é, + (@ cos O + )é;
So the components are
wy = @ sin@siny + 6 cos Y
w, = @ cosPsin@ — O siny
w3 = @cosh +1
Putting ¢ = 0, we get, w; = 6, w, = @sinf and w3 = @ cos O
Then equation 6 becomes
1,6 + (I3 — I,)?sin 6 cos 8 + I35 sin@ = mgl sin 6
L (¢sinf + ¢cosO) + (I, — 13)0¢ cosO — ;05 = 0 O
I5(¢pcosO —@sinf +35) =0

These are required equation of motion of a symmetric top.

Kinetic Energy of Motion of a Spinning Top

[Give small description from previous point (including figure).]
Considering symmetry we can write the kinetic energy of the symmetric top

1 2 2 1 2
T = _Il(wl + (1.)2) +_13(1)3
2 2
Putting the value of w, w,, and w; we get,

1 . . 1 .
T = E[1 {((j)sinGSinlp + 9c051/))2 + ((/’) cosysinf — Hsinlp)z} +513(¢) cos O +l[1)2

1 . .
= Ell{q')z sin? @ sin + 2¢ sinf sinyp 6 cosP + 62 cos? P + ¢? cos? P sin? O

. . 1 . N2
—2 ¢ cosPsind Osiny + 6% sin P} +513(<pc059 +9)
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1 . . 1 .
:zll{qbz sin? @ sin? Y + 82 cos? Y + @2 cos? 1P sin? O + 62 sin? 1/)}+EI3(([) cos 0 +1/))2

L a2 2 2 32 2 ‘2 1 P2
=§Il{<p sin? 6 (sin? Y + cos? ) + 6%(cos?y + sin ¢)}+§I3(cpc059 +1)

1 .
_ %Il{qbz sin? 6 + 62} + = L (¢ cos 6 + )

This is the required equation for kinetic energy of a symmetric top in terms of Euler’s angle.
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